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Static and Dynamic Analysis of Clamped Orthotropic
Plates Using Lagrangian Multiplier Technique

P. C. Chen* and R. L. Ramkumart
Northrop Corporation, Hawthorne, California

An analysis was developed to predict the static and dynamic response of clamped orthotropic laminates. The
dynamic loading conditions included low-velocity impact by a hard object. Shear deformation effects in the
clamped plate were accounted for using a higher-order plate theory. The natural frequencies and the correspond-
ing mode shapes were computed by solving the eigenvalue problem using Lagrangian multiplier technique. The
dynamic analysis incorporated the static response and the eigenvalue solutions into the mode acceleration
technique. The static and dynamic analyses were validated by demonstrating a good correlation between the
calculated results, available experimental data, and other analytical results. The validated analysis was used to
predict the damage introduced in clamped orthotropic plates due to low-velocity impact by a hard object.

Nomenclature
a = length of the plate
Afj = inplane stiffness
b = width of the plate
c = contact time of the forcing function
Z)/7 = bending stiffness
g = acceleration due to gravity
h = thickness of the plate
u, v = length and width of the impact area, respectively
a, /? = Lagrange multipliers
£, 77 = impact location
y = laminate weight density
co = natural frequency

Subscripts
k =A:thmode
/ = 7th mode
9x;,y9,t = derivatives of ( )

Introduction

T HE past decade has witnessed considerable interest in the
analytical and experimental investigation of the effect of

low-velocity impact on laminated plates.1"13 Test results indi-
cate that, under possible impact threat conditions, laminated
structural components can suffer a significant (nearly 60%)
compressive strength loss, without any visible indication of
the damage on the impacted surface.10'12'13 This is, therefore,
a problem of considerable interest to researchers and of
considerable concern to designers and possesses the potential
to influence the design allowables for compressively loaded
structural components.

While a large amount of experimental data is available, only
restrictively validated analyses are being developed to predict
the extent of damage in, and the residual strength of, laminates
subjected to low-velocity impact loading. The analytical dif-
ficulties are introduced by many factors: 1) the general an-
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isotropy of the laminate, 2) the constraint condition at the
laminate boundaries, 3) the complex contact problem that
necessitates an incremental-iterative analytical procedure, 4)
the predominant interlaminar failures that cannot be predict-
ed using the classical laminated plate theory, and 5) the
complexity involved in predicting the residual strength of a
laminate containing multiple delaminations and intraply
failures.

The dynamic analysis of a laminated plate involves the
computation of its natural frequencies and mode shapes. This
task can be performed in closed form only when the plate is
isotropic or specially orthotropic and is constrained by simple
supports at the boundaries.14'15 The problem increases in
complexity when the plate exhibits general anisotropy. In this
case, even when the boundaries are simple supports, one must
resort to approximate analytical procedures. If the boundaries
are clamped, approximate solutions are the only possibility,
even for isotropic plates. And, if the plate thickness is not
negligible in comparison to planform dimensions, shear defor-
mation effects have to be accounted for, necessitating a
higher-order analysis.16'17

In the program reported here, a dynamic analysis was
developed to predict the forced response of clamped ortho-
tropic plates. The dynamic analysis incorporates results from
a static analysis and an eigenvalue problem (natural frequen-
cies and mode shapes) into a mode acceleration solution
scheme.18 The reader is referred to Refs. 19 and 20 for the
eigenvalue solutions obtained using the Lagrangian multiplier
technique. The static analysis, also performed using the
Lagrangian multiplier method, and the dynamic analysis are
described below.

Fig. 1 Geometry, reference coordinates, and semiellipsoidal load dis-
tribution details for clamped laminates; impactor also shown.
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Static Analysis
Consider a semiellipsoidal load distribution on a clamped

laminated plate (Fig. 1). The length, width, and thickness
dimensions of the plate are a, b, and h, respectively. The
plate displacements along the reference x, y, and z directions
are u, v, w, respectively. tyx %&& ^y are the plate midplane
bending shapes in the xz and yz planes, respectively. The
laminate is assumed to be midplane symmetric, and its mid-
plane translations are assumed to be negligible in comparison
to the flexure-induced displacements. Transverse shear defor-
mation effects are accounted for using a higher-order plate
theory,16'17 assuming a Mindlin shear correction factor K of
7r2/12. In this case, the plate response is denned in terms of
its three variables (w, $X9 and \f/y), their derivatives (wx,\l/x y,
etc.), and the laminate in-plane and bending stiffnesses (Atj
and Dij9 respectively, as described in Ref. 15, for /, j = 1,2,6).
The reader is referred to Ref. 16 for the appropriate expres-
sions. For an orthotropic laminate, D16 = D26 = 0.

The expression for the total strain energy V in the consid-
ered laminate is

2KA4S(w,xw,y + w,x

(1)

The work done by an externally applied load (P per unit area)
is

Q= f f P(x,y,t)W(x,y,t)dxdy (2)
0 0

When the apphed load is a static load, P and W are indepen-
dent of time t. For the semiellipsoidal load distribution in Fig.
1, let PT be the total applied load. The work done by this load
is

1/2

. / mirx\ .
(3)

where

Equation (3) can be rewritten as

where qmn is defined as

(4)

(5)

y\

2] 1/2

While an analytical solution for Eq. (6) is difficult to obtain, a
numerical solution may be computed using, say, the Gaussian
quadrature approach.

The following boundary conditions apply to the clamped
plate in Fig. 1:

w(0,y,t) = w ( f l , < y , f ) = w ( * , 0 , f ) = w ( j c , & , f ) =0 (7)

(8)

The following series expressions are assumed for the plate
variables:

m n

m n

(9)

(10)

z(0 (11)

where amn, bmn, and dmn are unknown coefficients and
Z(/) = l for the static problem. Equation (9) satisfies the
clamped boundary displacement conditions, but Eqs. (10) and
(11) do not satisfy the zero- slope conditions at the boundary.
The following constraint conditions must be satisfied to im-
pose the unsatisfied zero slope boundary conditions:

(12)

(13)E4.-0, i- 1,2,3,. ...p

Introducing Lagrange multipliers for the above constraint
conditions,20 the function to be minimized becomes

e- E k E bmj\ - E U E <*,„
Substituting Eqs. (9-11) into Eq. (1), the expression for V
becomes

(ah*2/*) £ £ [ Emna2
mn + Fmnb2

mn + Gmnd2
mn

m n

+ 2Hmamnbmn + 2Unamndmn + 2Qmnbmndmn] (15)

where

Fmn = ^ + Dn(m/a) + D66(n/b

v2 + Dn(n/b}2 + D66(m/a)2}

The minimization equations are20

dG dG 8G
(6)

(16)

(17)
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Writing the above equations in matrix form, one obtains:

J-f

Qmn

These equations provide the following solutions for amn, bmn,
and dmn:

amn = (l/ab-x2~)[qmn(FmnGmn - Q2
mn)

+ «n(UnQmn ~ GmnHm) + fim(HmQmn - FmnUn)]/kmn

bmn = (2/abv2)[qmn(UnQmn - Gm!IHj

+ «n(EmaGmn - U2) + Pm(HmUn - Emn

[ qmn(HmQmn - FmnUn)

+ an(HmUn - EmnQmn) + pm(En,nFmn -

(19)

(20)

(21)

where

^•mn = Emn(FmnGmn - Q2
mn) - Hm(HmGmn - UnQmn)

+ Un(HmQmn-UnFmn) (22)

In Eqs. (19-21), an is not present when n > q and ftm is not
present when m>p. Substituting Eqs. (20) and (21) into the
constraint conditions [Eqs. (12) and (13)], one obtains

Du 4-

(26)

(27)

Reference 20 describes how the natural frequencies and corre-
sponding mode shapes are obtained for each set of m and n
values. These essentially correspond to the solution of the
following equations:

(28)

(29)

(30)

where (W)k, C*x)k, and (*y)k are the mode shapes corre-
sponding to the natural frequency uk. If k and / represent
two sets of m and n values, the orthogonality condition for
the principal modes may be written as8

(31)

where the integral is zero when k =£ /.

(23)

i - 1,2,3...

(24)

Equations (23) and (24) yield p 4- q linear equations for p + q
unknowns: al9a29...,aq, ft ,)82 , . . . , ftp_l9 and ftp. Solving
these equations and substituting the results into Eqs. (19-21),
the coefficients amn, bmn, and dmn are computed. The trans-
verse displacement and bending slope variations over the plate
are then computed using Eqs. (9), (10), and (11). The strains
in the various plies and the transverse shear stress resultants
are computed using the expressions in Ref. 16.

Dynamic Analysis
The governing equations of motion for an orthotropic plate,

ignoring rotatory inertia effects are8

KA55W,X KA44W,yy

(25)
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Fig. 2 Typical contact force/absorbed energy variation with time.
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The solutions to the dynamic problem [Eqs. (25-27)] can be
separated into functions of position and time as follows:

(32)

where the A;th mode shapes are defined as follows [(Eqs.
9-11)]:

(33)

and Zk(t) is a time-dependent generalized coordinate.
Substituting Eq. (32) into Eqs. (25-27) and using Eqs.

(28-30), one obtains

(34)

Expanding P(x, y, t) in terms of the generalized forces T k ( t )
as

where qmn is defined in Eq. (6). Substituting this expression
into Eq. (38) yields

X (40)

The time dependence of the applied load f ( t ) is assumed to
be known. Incorporation of Eq. (40) into Eq. (32) provides the
solutions to the dynamic problem. Substituting these solutions
into the appropriate expressions in Ref. 16, the strain state
and the transverse shear stress resultants in the clamped plate
are obtained.

The above procedure converges slowly and may require a
considerable amount of computer time to achieve solution
accuracy. To overcome this difficulty, the mode acceleration
method is used.18 Equation (35) is rearranged as follows:

(41)

Substituting Eqs. (39) and (40) into Eq. (41) and substituting
the result into Eq. (32), one obtains

Eq. (34) may be written as follows, for every k:

where

ffbP(x,y,t)(W)kdxdyJo Jo
a j"(W)\dXdy

(35)

(36)

(37)

Equation (37) is obtained by multiplying Eq. (35) by
(yh/g)(W)i and integrating the product over the plate area
using Eq. (31).

For zero initial displacement and velocity, the solution to
Eq. (36) is

(38)

Assuming the applied load to be separable in space and
time, P(x, y, t) = P(x, y) f ( t ) . If the load is assumed to be
semiellipsoidal in distribution, Eq. (5) may be used for the
numerator in Eq. 37. This yields

(39)

:/'/(T)sin« t(/-T)dT (42)

W(|.T) , -h/2. t)

W(|-u, t) , -h/2, t)

Depth of indentation = </, - </2

where: 4l = 0.5 [D - (D2 - 4u2)5]

Fig. 3 Impactor and plate displacements and depth of indentation.
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(43)

X

X/'/(T)sin« t(f-T)dT (44)

where Ws(x, y), $xs(x, y), and $ys(x9 y) are the solutions to
the static problem, corresponding to a static load P(x, y)
obtained by substituting Eq. (39) into Eq. (35). For example,

X (45)

This static solution is obtainable using the mode superposition
method. However, the static solutions have already been de-
rived earlier using the Lagrangian multiplier method.

Comparing Eq. (42) with Eq. (40), it is seen that co| is
present in the denominator of Eq. (42), while only co^ is
present in the denominator of Eq. (40). As the higher-order
modes (with larger <*k values) are accounted for, this causes
the mode acceleration method to converge quickly to the
accurate solution.

Results
Static and dynamic loads are applied to two clamped

graphite/epoxy laminates. The laminates have the same layup
with different cured ply thicknesses.9 Their geometric and

material properties11 are listed in Table 1. D16 and D26 for
the two laminates are less than 5% of the other D/y values.
Therefore, the two laminates are nearly orthotropic (D16 =
#26=0).

The static problem assumes a concentrated (point) unit load
to be applied at the center (a/2, b/2, -h/2) of the 25 X 9 in.
clamped laminates. In this case, the expression for qmn in Eq.
(6), corresponding to a semiellipsoidal load distribution, is
replaced by8

<lmn = (4Pr/aZ>)sin( W7r£/a)sin( H777)/Z>) (46)

where PT = 1 (unit load), £ = a/2, and TJ = b/2 (see Fig. 1).
Table 2 compares the predictions of the developed Lagrangian
multiplier solution with those based on a Rayleigh-Ritz
solution.21 It is seen that, when shear deformation effects are
not accounted for,22 the Rayleigh-Ritz solutions are 10 and
23% lower than the developed Lagrangian multiplier solutions
for plates A and B, respectively. The thicker laminate B
exhibits a significant shear deformation effect on the trans-
verse plate displacement. If the transverse shear stiffnesses
(^44 and A 55) in the Lagrangian multiplier solution are
increased by a factor of 1000, the predictions are within 5% of
the Rayleigh-Ritz solution.

The dynamic loading conditions8'11 considered are listed in
Table 3. The clamped laminates are subjected to low-velocity
impact by a hard (steel) object (see Fig. 2). The forcing
function is obtained through instrumented impact tests.9 The
first major damage (generally a delamination) occurs at t = c.
The elliptical contact area at t = c, defined by u and v, is
dependent on the impactor tip diameter D. The u and v
values in Table 3 are obtained from contact damage measure-
ments.8'11 The depth of indentation is dependent on D, u, v,
and the plate displacement w, as shown in Fig. 3.

The computed dynamic response of the clamped plates is
based on an assumed semiellipsoidal load distribution, the
eigenvalue solutions from Ref. 20, and the developed solution

Property

Table 1 Geometry and properties
of analyzed graphite/epoxy laminates

Laminate Aa Laminate Ba

h,D
012,
0
022'
026,
066,
^55,
4̂4,
K
y,
h l

a,
b,

in.
Ib-in.
Ib-in.
Ib-in.
Ib-in.
Ib-in.
Ib-in.
Ib-in.
Ib-in.

Ib-in.
in.
in.
in.

0.25
1.453 X 104
3.74 X 103
1.86 X 102
6.415 X 103
1.86 X 102
4.032 X 103
1.9968 X 105
1.9968 X 105
0.8225
0.68914
0.0052

25.0
9.0

0.5
1.1627 X 105
2.9929 X 104
1.4876 X 103
5.1323 X 104
1.4876 X 103
3.2359 X 104
3.9936 X 105
3.9936 X 105
0.8225
0.68914
0.0104

25.0
9.0

a Laminates A and B are 48-ply laminates with the following layup
[( + 45/02)2/± 45/0/90] 2s- hpiy is the individual ply thickness of the
AS1/3501-6 graphite/epoxy prepreg. It is 0.0052 and 0.014 in. for
laminates A and B, respectively.

Table 2 Central deflection (in.) predictions of clamped laminates
due to a unit static load applied at the center (a/2, b/2, -h/2)

Developed Lagrangian multiplier solution Rayleigh-Ritz solution

Laminate a

A
B

With shear
deformationb

7.52 X10~5

1.10 X10~5

Without shear
deformationb'c

7.08 X10~5

8.85 X10~6

Without shear
deformation

6.76 XKT 5

8.44 XUT6

a25 X 9 in. laminates (see Table 1). bp = q=I5; m, n = 1,2,. ..,30. cThe actual A4

and A55 values in Table 1 were multiplied by 1000.
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using the accelerated mode method. Figures 4 and 5 present
sample plate displacement predictions for an off-center impact
situation (test case 2 in Table 3). These, in conjunction with
the information in Table 3, are used to compute the impactor
tip displacement as shown in Fig. 3. Table 4 indicates that the
analysis predicts plate displacements that are approximately
25% smaller than those predicted by the analysis in Ref. 11.
This is because the Fourier transform technique in Ref. 11
does not explicitly impose the clamped boundary conditions
at the finite-boundary locations. Table 4 also indicates that
the predicted impactor tip displacements for the various test
cases, at / = c, are in good agreement with the measured
values.9

Sample predictions of the transient strain variations in the
impacted laminates are presented in Figs. 6 and 7. Table 5
lists the maximum strains at t = c, predicted using the devel-
oped analysis and the analysis in Ref. 11 and measured
experimentally in Ref. 9. It is seen that this analysis demon-
strates a better correlation with the test results9 than the
analysis in Ref. 11.

Sample predictions of the longitudinal and transverse aver-
aged interlaminar shear strains (Qx/h and Qy/h, respec-
tively) are presented in Figs. 8 and 9. The curves corre-
sponding to t = c are used in conjunction with assumed, albeit
arbitrary, failure values for Qx/h and Qy/h to predict the
extent of internal damage.11 Using a failure value of 2 ksi for
Qx/h and Qy/h, the developed analysis predicted the de-
lamination size at t = c. Table 6 compares the predicted
delamination sizes with those measured using ultrasonic
equipment.9 In reality, the damage state in the impacted
laminate is complex (delaminations, intraply failures, contact
damage, etc.). The delamination predictive procedure in Refs.
8 and 11 is rather simple-minded and is constrained by the
limitations of the employed higher-order plate theory. Never-
theless, the assumed failure values for Qx/h and Qy/h pre-
dict delamination sizes that correlate well with the ultrasonic
C-scan measurements in Ref. 9.

0.000

-0.025

18 20 22 24 26
X (in)

0.200

0.175

0.150

0.125

o 0.100
5

0.075

0.050

0.025

0.000

0.0008
0.0016
0.0022
0.003

4 Y (in) 6

Fig. 5 Predicted
8 10

, t} for test case 2.

0 5 10 15 X (in) 20 25 30 35

Fig. 6 Predicted ex(x,T|, -A/2, t) for test case 2.

Table 3 Contact time, force, and area information
for considered dynamic problem3

Test Impactor
case Laminate D, in.
1
2
3
4
5

A
A
A
B
B

0.125
0.5
2.0
0.5
2.0

PT at t = c,
in. c, s f , in.

1.150
2.772
3.264
6.563
8.642

0.00125
0.0022
0.0024
0.00125
0.0145

3.833
8.166

12.5
8.166

12.5

TJ, in.

4.5
4.5
4.5
4.5
4.5

u = v
in.

0.005
0.125
0.35
0.125
0.35

aSee Fig. 2 for a definition of the listed variables.

Table 4 Plate and impactor displacements at t = c

W($, 1?, - h/2, c) in. Impactor tip displacement, in. at t = c
Test case Developed Developed Experimental measurement
(Table 3) analysis3 Ref. 11 analysis3 (Ref. 9)

Fig. 4 Predicted fF(jc,T|,0,0 for test case 2.

1
2
3
4
5

0.044
0.1832
0.226
0.06755
0.0938

0.0818
0.225
0.277
0.0818
0.12013

0.106
0.2152
0.284
0.10045
0.1527

0.1
0.22
0.25
0.122
0.136

15; w, n = 1,2,...,30.

Table 5 Maximum strains in the impacted laminates at t = c

e x (£ ,Tj , -h/2, c), jitin./in.
Test case
(Table 3)

1
2
3
4
5

Developed
analysis3

2622
6348
6737
3572
4285

Analysis
in Ref. 11

2850
7252
6725
4052
4500

Experimental measurement
(Ref. 9)

2318
6182
5455
4364

—

Developed
analysis3

4659
12930
12560
8190
9040

€^(£,17, -A/2,c), /iin./in.
Analysis
in Ref. 11

4650
11851
10331
7329
7500

Experimental measurement
(Ref. 9)

4789
12000
16000
8364
—
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No. TIME (sec)

1 0.0008
2 0.0016
3 0.0022
4 0.003

Fig. 7 Predicted c^fc, y, -h/2, t) for test case 2.

Conclusions
An analysis was developed to predict the dynamic response

of clamped orthotropic plates. The analysis incorporated a
static solution and a free vibration (eigenvalue) solution ob-
tained using the Lagrangian multiplier method into a dynamic
solution based on the mode acceleration technique. The devel-
oped solutions accounted for shear deformation effects through
a higher-order plate theory. The static solution was validated
by comparing predictions with those based on a Rayleigh-Ritz
approach. The eigenvalue analysis had been validated earlier
by establishing a good correlation between its predictions,
available test results, and Rayleigh-Ritz solutions. The devel-
oped dynamic solution was validated by applying it to a
low-velocity impact situation. Analytical predictions of the
displacements and strains in the impacted laminates corre-
lated well with the experimental measurements. The analysis
was also successfully used, albeit in conjunction with an
invalidated failure criterion, to predict the extent of internal
damage (delamination) in the impacted laminates.

TIME (sec)

0.0008
0.0016
0.0022
0.003

20 22 24 26

Fig. 8 Predicted Qx(x,i\, t)/h for test case 2.

Fig. 9 Predicted Q (£, y, t)/h for test case 2.

Table 6 Delamination size at t = c

Delamination diameter, in.
Test case
(Table 3)

1
2
3

Developed
analysisa

0.37
2.00
3.00

Experimental measurement (Ref . 9)
0.37
1.63
3.67

a Failure values of Qx/h and Qy/h were assumed to be 2 ksi. p =

Acknowledgment
The work reported here was performed as an Independent

Research and Development activity in the Strength and Life
Assurance Research Organization at the Northrop Aircraft
Division.

References
iMcQuillen, E.J., Llorens, R.E., and Gause, L.W., "Low Velocity

Transverse Normal Impact of Graphite-Epoxy Composite Laminates,"
Naval Air Development Center, Rept. 75119-30, June 1974.

2Sun, C.T. and Whitney, J.M., "Dynamic Response of Laminated
Composite Plates Under Initial Stress," AIAA Journal, Vol. 14, Feb.
1976, pp. 268-270.

3Sun, C.T. and Chattopadhyay, S., "Dynamic Response of Aniso-
tropic Laminated Plates under Initial Stress to Impact of a Mass,"
AFML-TR-74-258, March 1976.

4Starnes, J.H. Jr., Rhodes, M.D., and Williams, J.G., "The Effect of
Impact Damage and Circular Holes on the Compressive Strength of a
Graphite-Epoxy Laminate," NASA TM 78796, Oct. 1978.

5Chou, P.C., Flis, W.J., and Miller, H., "Certification of Composite
Aircraft Structures Under Impact, Fatigue and Environmental Condi-
tions; Part I—Low Speed Impact of Plates of Composite Materials,"
Naval Air Development Center, Rept. 78259-60, Jan. 1978.

6Bhatia,.M., "Impact Damage Tolerance of Thick Graphite-Epoxy
Laminates," Naval Air Development Center, Rept. 7938-60, Jan.
1979.

7Byers, B.A., "Behavior of Damaged Graphite-Epoxy Laminates
Under Compression Loading," NASA 159293, Aug. 1980.

8Dobyns, A.L., "Analysis of Simply-Supported Orthotropic Plates
Subject to Static and Dynamic Loads," AIAA Journal, Vol. 19, May
1981. pp. 642-650.

9Ramkumar, R.L., "Composite Impact Damage Susceptibility,"
Naval Air Development Center, Rept. 79068-60, Jan. 1981.

10Ramkumar, R.L., "Environmental Effects on Composite Damage
Criticality," Naval Air Development Center, Rept. 79067-60, Jan.
1982.

nRamkumar, R.L. and Chen, P.C., "Low Velocity Impact Re-
sponse of Laminated Plates," AIAA Journal, Vol. 21, Oct. 1983, pp.
1448-1452.

12Ramkumar, R.L., "Effects of Porosity and Low Velocity Impact
Damage on the Strength and Lifetime of Graphite/Epoxy Laminates."
Paper presented at Joint PTP-4/5 Workshop on Failure Modes and
Nondestructive Evaluation of Composites, Royal Naval Engineering
College, Plymouth, England, July 1984.

13McCarty, J. and Whitehead, R.S., "Damage Tolerance of Com-
posites Program," Boeing/AFWAL Contract F33615-82-C-3213, In-
terim Repts. 1-5, Feb. 1983-Feb. 1985.

14Ashton, J.E. and Whitney, J.M., Theory of Laminated Plates,
Technomic, Stanford, CT, 1970.

l5Jones, R.M., Mechanics of Composite Materials, McGraw-Hill,
New York, 1975.

16Whitney, J.M. and Pagano, N.J., "Shear Deformation in Hetero-
geneous Anisotropic Plates," Transactions of ASME, Journal of Ap-
plied Mechanics, Vol. 92, Dec. 1970, pp. 1031-1036.



FEBRUARY 1987 STATIC AND DYNAMIC ANALYSIS OF CLAMPED ORTHOTROPIC PLATES 323

17Mindlin, R.D., "Influence of Rotary Inertia and Shear on Flex-
ural Motions of Isotropic, Elastic Plates," Transactions of ASME,
Journal of Applied Mechanics, Vol. 73, March 1951, pp. 31-38.

18Williams, D., "Dynamic Loads in Aeroplanes Under Given Im-
pulsive Loads with Particular Reference to Landing and Gust Loads
on a Large Flying Boat," British Royal Aeronautical Establishment,
Repts. SME 3309 and 3316, 1945.

19Sanders, W.J., "Computation of Natural Frequencies of Clamped
Laminated Plates Using Lagrangian Multiplier Technique," Master's
Thesis, California State University, May 1983.

20Ramkumar, R.L., Chen, P.C., and Saunders, W.J., "Free Vibra-
tion Solution for Clamped Orthotropic Plates Using Lagrangian Mul-
tiplier Technique," AIAA Journal, Vol. 25, Jan. 1987, pp. 146-151.

21 Reed, D.L., "Laminated Sandwich Panel Analysis," General Dy-
namics, Conair Aerospace Division, Rept. FZM 5590 prepared for
U.S. Air Force Materials Laboratory, Oct. 1971.

22Northrop-Developed Computer Code based on the structural
analysis procedure in Ref. 21.

From the AIAA Progress in Astronautics and Aeronautics Series...

SPACECRAFT CONTAMINATION:
SOURCES AND PREVENTION - v. 91

Edited by J.A. Roux, The University of Mississippi
and

T.D. McCay, NASA Marshall Space Flight Center

This recent Progress Series volume treats a variety of topics dealing with spacecraft contamination and con-
tains state-of-the-art analyses of contamination sources, contamination effects (optical and thermal), con-
tamination measurement methods (simulated environments and orbital data), and contamination-prevention
techniques. Chapters also cover causes of spacecraft contamination, and assess the particle contamination of
the optical sensors during ground and launch operations of the Shuttle. The book provides both experimental
and theoretical analyses (using the CONTAM computer program) of the contamination associated with the
bipropellant attitude-control thrusters proposed for the Galileo spacecraft. The results are also given for
particle-sampling probes in the near-field region of a solid-propellant rocket motor fired in a high-altitude
ground test facility, as well as the results of the chemical composition and size distribution of potential parti-
cle contaminants.

Published in 1984, 333 pp., 6x9, illus., $39.50 Mem., $69.50 List; ISBN 0-915928-85-X

TO ORDER WRITE: Publications Dept., AIAA, 1633 Broadway, New York, N.Y. 10019


