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Static and Dynamic Analysis of Clamped Orthotropic
Plates Using Lagrangian Multiplier Technique

P. C. Chen* and R. L. Ramkumarf
Northrop Corporation, Hawthorne, California

An analysis was developed to predict the static and dynamic response of clamped orthotropic laminates. The
dynamic loading conditions included low-velocity impact by a hard object. Shear deformation effects in the
clamped plate were accounted for using a higher-order plate theory. The natural frequencies and the correspond-
ing mode shapes were computed by solving the eigenvalue problem using Lagrangian muitiplier technique. The
dynamic analysis incorporated the static response and the eigenvalue solutions into the mode acceleration
technique. The static and dynamic analyses were validated by demonstrating a good correlation between the
calculated results, available experimental data, and other analytical results. The validated analysis was used to
predict the damage introduced in clamped orthotropic plates due to low-velocity impact by a hard object.

Nomenclature
a = length of the plate
A = inplane stiffness
b = width of the plate
¢ = contact time of the forcing function
D, = bending stiffness

= acceleration due to gravity

= thickness of the plate

= length and width of the impact area, respectively
= Lagrange multipliers

= impact location

= laminate weight density

= natural frequency

ERMr O & 30
=S o

Subscripts
k = kth mode
1 = /th mode

»X;,¥; .t = derivatives of ( )

Introduction

HE past decade has witnessed considerable interest in the

analytical and experimental investigation of the effect of
low-velocity impact on laminated plates.!!* Test results indi-
cate that, under possible impact threat conditions, laminated
structural components can suffer a significant (nearly 60%)
compressive strength loss, without any visible indication of
the damage on the impacted surface!®'>!> This is, therefore,
a problem of considerable interest to researchers and of
considerable concern to designers and possesses the potential
to influence the design allowables for compressively loaded
structural components.

While a large amount of experimental data is available, only
restrictively validated analyses are being developed to predict
the extent of damage in, and the residual strength of, laminates
subjected to low-velocity impact loading. The analytical dif-
ficulties are introduced by many factors: 1) the general an-
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isotropy of the laminate, 2) the constraint condition at the
laminate boundaries, 3) the complex contact problem that
necessitates an incremental-iterative analytical procedure, 4)
the predominant interlaminar failures that cannot be predict-
ed using the classical laminated plate theory, and 5) the
complexity involved in predicting the residual strength of a
laminate containing multiple delaminations and intraply
failures.

The dynamic analysis of a laminated plate involves the
computation of its natural frequencies and mode shapes. This
task can be performed in closed form only when the plate is
isotropic or specially orthotropic and is constrained by simple
supports at the boundaries.”*!> The problem increases in
complexity when the plate exhibits general anisotropy. In this
case, even when the boundaries are simple supports, one must
resort to approximate analytical procedures. If the boundaries
are clamped, approximate solutions are the only possibility,
even for isotropic plates. And, if the plate thickness is not
negligible in comparison to planform dimensions, shear defor-
mation effects have to be accounted for, necessitating a
higher-order analysis !¢’

In the program reported here, a dynamic analysis was
developed to predict the forced response of clamped ortho-
tropic plates. The dynamic analysis incorporates results from
a static analysis and an eigenvalue problem (natural frequen-
cies and mode shapes) into a mode acceleration solution
scheme.!® The reader is referred to Refs. 19 and 20 for the
eigenvalue solutions obtained using the Lagrangian multiplier
technique. The static analysis, also performed using the
Lagrangian multiplier method, and the dynamic analysis are
described below.

/ . ’
Y

Fig. 1 Geometry, reference coordinates, and semiellipsoidal load dis-
tribution details for clamped laminates; impactor also shown.
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Static Analysis

Consider a semiellipsoidal load distribution on a clamped
laminated plate (Fig. 1). The length, width, and thickness
dimensions of the plate are a, b, and h, respectively. The
plate displacements along the reference x, y, and z directions
are u, U, w, respectlvely ¥, and y, are the plate midplane
bending shapes in the xz and yz planes, respectively. The
laminate is assumed to be midplane symmetric, and its mid-
plane translations are assumed to be negligible in comparison
to the flexure-induced displacements. Transverse shear defor-
mation effects are accounted for using a higher-order plate
theory,'®!” assuming a Mindlin shear correction factor K of

72/12. In this case, the plate response is defined in terms of
its three variables (w, 121 and y,), their derivatives (w,, ¢, ,,
etc.), and the laminate in-plane and bending stiffnesses (A
and D, , respectlvely, as described in Ref. 15, for i, j=1,2 6)
The reader is referred to Ref. 16 for the appropriate expres-
sions. For an orthotropic laminate, D, = D, =0.

The expression for the total strain energy V in the consid-
ered laminate is

Vo3 f [ (Ko, +4,)" 4 Kiss (0,44,
+2KA (W, ow,, + Wb, +w, b )
+ D2 + 2Dy, b, + Dpi?
+2Di¥ (Vo Ty ) 20560, (Ve +4, )
+ Dy (W, +¥,.,)7] d(area) (1)

The work done by an externally applied load (P per unit area)
is

Q=f0"j0”p(x,y,t)W(x,y,z)dxdy )

When the applied load is a static load, P and W are indepen-
dent of time z. For the semiellipsoidal load distribution in Fig.
1, let P, be the total applied load. The work done by this load

v

X1 "N
X[Z Zamnsin( )sm(T)] dxdy 3)
where
Py=3P;/(Qrw), x;=f(—u, x,=f(+u

n=n—o[l-(x-8’ /2]’
n=n+o[l-(x-8)/a]’ (4)
Equation (3) can be.rewritten as

Q=22 4un8mn (3

where q,,, is defined as

2l 1=(x=$)"  (y=n)*|"
SONAES S

)sin(n—zy)dxdy (6)

. [ mTXx
Xsin
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While an analytical solution for Eq. (6) is difficult to obtain, a
numerical solution may be computed using, say, the Gaussian
quadrature approach.

The following boundary conditions apply to the clamped
plate in Fig. 1:

w(0,y,t) =w(a,y,t) =w(x,0,1) =w(x,b,t) =0 (7)
¥.(0,y,0) =y, (a,y,t) =¢,(x,0,1) =¢,(x,b,2) =0
(3)

The following series expressions are assumed for the plate
variables:

w(x 1) =Y fjam,,sin( m”")sin("—;)’l) Z(1) (9)

Yo(x,p,0)= ZZb cos( )sin(n—Zy)Z(t) (10)

¥, (%, p,1) = 224,,,,,5111( )cos(—bl)z(z) (11)

where a,,,, b,,, and d,, are unknown coefficients and
Z(t)=1 for the static problem. Equation (9) satisfies the
clamped boundary displacement conditions, but Egs. (10) and
(11) do not satisfy the zero-slope conditions at the boundary.
The following constraint conditions must be satisfied to im-

pose the unsatisfied zero slope boundary conditions:

Sh,=0, j=1,23,.4 (12)
o0
Yd, =0, i=1,2,3,...p (13)
n

Introducing Lagrange multipliers for the above constraint
conditions,?® the function to be minimized becomes

G=V+0- f; (ajélbm,.) - f (B,- i

j=1 i=1\ =1

d) (19)

Substituting Egs. (9-11) into Eq. (1), the expression for V
becomes

V= (ab72/4)22[ nai, + E b2+ G,adh,

+2Hmamnbmn + 2I]namndmn + 2anbmnd

] (19)

where
Epu=(K/2)| Au(n/b)’ + Ass(m/a)’]
E,, =4[ KAss/n* + Dyy(m/a)’ + Dgs(n/bY’]
Gy = 3| KA gy /7 + Dyy(n/b)” + Dys(m/a)’]
H,=(K/2m)Ass(m/a)
U,=(K/2m) A4(n/b)
Qn=3( D1y + Dg)(m/a)(n/b) (16)

The minimization equations are?

3G 3G 3G
8apy ~ by 94,

=0(m,n=1,2,3...) (17)
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Writing the above equations in matrix form, one obtains:

Emn Hm []n amn qmn

Hy  En O |{ b =( 22) a b (18)

U Own Gon [ldn] 77|,

These equations provide the following solutions for a,,,, b,,,,
and d,,,:

= (2/ab'”2)[qmn mn an)

+ 0, (U,Qrmn = Goun H) + B ( H,, 0, — EnUn) | /A
(19)
boun = (2/b7) [ 4 (Uy Qi — G H,y)
+0,( EpuGpn = U2) + B HUy, = Eppy Qi) /B
(20)
d = (2/ab7)| 40 (H,uQpn = Fouuly)
+an(Hm(Jn an)+B ( mn mn Hri)]/Amn
(21)
where
Amn mn(EnnGmn rznn) _Hm(Hmen_ lJann)

In Egs. (19-21), a,, is not present when n> ¢ and 8, is not
present when m > p. Substituting Eqgs. (20) and (21) into the
constraint conditions [Eqgs. (12) and (13)], one obtains

o0

ajz ( EjGmj—

m

_“ZQmJ( mj

14
ljjz)/Am/+Z(HmlJJ Em;QJ)Bm/AmJ

-G, )/, (j=123,..9)

(23)

q 00
Z(I:I:(]n - EinQin)an/Ain + BiZ(EinEn - Iiiz)/Ain

=_Zq111(1{lan_ in n)/Am (i=1’2’3."p)

(24)

Equations (23) and (24) yield p + g linear equations for p + ¢
unknowns: @, ay,..., &, Bi,Bss...,B,—1, and B,. Solving
these equations and substituting the results into Eqs (19-21),
the coefficients a,,,, b,,,, and d,, are computed. The trans-
verse displacement and bending slope variations over the plate
are then computed using Egs. (9), (10), and (11). The strains
in the various plies and the transverse shear stress resuitants
are computed using the expressions in Ref. 16.

Dynamic Analysis

The governing equations of motion for an orthotropic plate,
ignoring rotatory inertia effects are®

KA, + KAW, . + KAY, |, + KA, W

=(Yh/g)Wm_

Yy

P(x,y,1) (25)
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Dll\I’x,xx +D66 X, yy + (D 12 +D66)\I’
—KAss (¥, + W, )=0 (26)
(D, + D) ¥, + Dy¥, .+ DY,
~ KAy (¥, +w,,)=0 (27)

Reference 20 describes how the natural frequencies and corre-
sponding mode shapes are obtained for each set of m and »n

values. These essentially correspond to the solution of the
following equations:

K"455(\le,x)k+KASS(W’xx)k+KA44(\I’y,y)k
+KA,(W,,,) = —wi(vh/g) (W), (28)
Dll( xxx)k+D66( xyy) +(D12+D66)( yxy)
— KA (¥, + W.)i=0 (29)

(DIZ + D66)(\I/x.xy)k + D66(‘I'yyxx)k +DZZ(\I,)’,,V,V)k

~KAyu (¥, +W,,), =0 (30)

where (W), (¥,)s, and (¥,), are the mode shapes corre-
sponding to the natural frequency w,. If k and / represent
two sets of m and n values, the orthogonality condition for
the principal modes may be written as®

) [ Jmmyaxay=0 G

where the integral is zero when k # /.
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Fig. 2 Typical contact force / absorbed energy variation with time.
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The solutions to the dynamic problem [Egs. (25-27)] can be
separated into functions of position and time as follows:

W(x,y,r)=§(W)kzk(z)
wx(x,y,t)=§<wx)kzk<z)

¥,(%,7,1) =§(\I@)kzk(z> (32)

where the kth mode shapes are defined as follows [(Egs.
9-11)}:

(W)= % ;(amn)ksin( mﬂx)sin(n_zy)

(¥.), = % }r;(bm,,)kcos( m;rx)sin(n_zy)

(), = £ E () sin 25

and Z, (¢) is a time-dependent generalized coordinate.
Substituting Eq. (32) into Egs. (25-27) and using Egs.
(28-30), one obtains

o

XN 2ot 7 =S ONZ)e (39

Expanding P(x, y, t) in terms of the generalized forces T, (¢)
as

=S, (39)

k

Eq. (34) may be written as follows, for every k:

[Zu(D]i+ 0k Z (1) = T (1) (36)
where
L[PGy (W) axay

= g ) [P (wyiaxay

(37)

Equation (37) is obtained by multiplying Eq. (35) by
(vyh/g)(W), and integrating the product over the plate area
using Eq. (31).

For zero initial displacement and velocity, the solution to
Eq. (36) is

zk(t)=(wik)f0’rk(r)smwk(z—7)d¢ (38)

Assuming the applied load to be separable in space and
time, P(x, y, nH= P(x,y) f(¢). If the load is assumed to be
semlelhpsmdal in distribution, Eq. (5) may be used for the
numerator in Eq. 37. This yields

[Z Z(a,,,nkqm,,]f(z)
(vh/g)(ab/4)22(am,,)k

T(1) = (39)
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where g¢,,, is defined in Eq. (6). Substituting this expression
into Eq. (38) yields

ZZ(amn)kqmn

4l = wk(yh/g)(ab/‘*)ZZ(”m")k

X/(:f(f)sinwk(t-—'l')df (40)

The time dependence of the applied load f(¢) is assumed to
be known. Incorporation of Eq. (40) into Eq. (32) provides the
solutions to the dynamic problem. Substituting these solutions
into the appropriate expressions in Ref. 16, the strain state
and the transverse shear stress resultants in the clamped plate
are obtained.

The above procedure converges slowly and may require a
considerable amount of computer time to achieve solution
accuracy. To overcome this difficulty, the mode acceleration
method is used.!® Equation (35} is rearranged as follows:

Zk(t)=Tk(t)/wi_zk,n(t)/wi (41)

Substituting Egs. (39) and (40) into Eq. (41) and substituting
the result into Eq. (32), one obtains

= W,(x,»)f(1)
0 ZZ(amn)kqmn
- kz=:1 wi(Yg/h)(ab/“)Z Z(amn)i

W(x,y,t)

| L i 7 s 252) |

x/o’f(r)sinwk(t— T)dT (42)

W(t,n, -h/2, t)
W(f-u,n, -h/2, 1)

Depth of indentation=d, — d,
where: d, =05 [D — (D?— 4u?)i]
dy= Wk, —h/2,0)— WE—u,n,—h/2,1)

Fig. 3 Impactor and plate displacements and depth of indentation.
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‘Px(x’ y’t) =\sz(x’y)f(t)
) ZZ(amn)kqmn
R kz=:1 Wi (vg/m)(ab/HL X (a0,)%

= Jonl 5|

X ['f(T)sinw, (= 1)dT (43)
0

| EE o 7

¥, (x,y,8) =, (x, ) f(2)
0 ZZ(amn)kqmn
- :i:l W (vg/h)(ab/H Y Y ()%

)cos(n—zy)}:—;

x]o’f('r)smwk(t«T)dT (44)

% [ (dm,,)ksin( max

where W (x, y), ¥,,(x, y), and ¢,(x, y) are the solutions to
the static problem, correspondmg to a static load P(x,y)
obtained by substituting Eq. (39) into Eq. (35). For example,

e} ZZ(amn)kqmn

W(x,y) = § wk(yg/h)(ab/4)z E(amn

s )sin( "—Zy) (45)

This static solution is obtainable using the mode superposition
method. However, the static solutions have already been de-
rived earlier using the Lagrangian multiplier method.

Comparing Eq. (42) with Eq. (40), it is seen that w} is
present in the denominator of Eq. (42), while only w, is
present in the denominator of Eq. (40). As the higher-order
modes (with larger w, values) are accounted for, this causes
the mode acceleration method to converge quickly to the
accurate solution.

X X ¥ (@) csin

Results

Static and dynamic loads are applied to two clamped
graphite /epoxy laminates. The 1ammates have the same layup
with different cured ply thicknesses.® Their geometric and
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material properties'' are listed in Table 1. D, and D, for
the two laminates are less than 5% of the other D, . values.
Therefore, the two laminates are nearly orthotropic (D4 =
Dys =0).

The static problem assumes a concentrated (point) unit load
to be applied at the center (a/2, b/2, —h/2) of the 25 X 9 in.
clamped laminates. In this case, the expression for g, in Eq.
6), correspondmg to a semiellipsoidal load distribution, is
replaced by®

G = (4P/ab)sin( mn/a)sin(nan/b) (46)

where Pp=1 (unit load), §=a/2, and n=b/2 (see Fig. 1).
Table 2 compares the predictions of the developed Lagrangian
multiplier solution with those based on a Rayleigh-Ritz
solution.”! Tt is seen that, when shear deformation effects are
not accounted for,”? the Rayleigh-Ritz solutions are 10 and
23% lower than the developed Lagrangian multiplier solutions
for plates A and B, respectively. The thicker laminate B
exhibits a significant shear deformation effect on the trans-
verse plate displacement. If the transverse shear stiffnesses
(A4 and Agg) in the Lagrangian multiplier solution are
increased by a factor of 1000, the predictions are within 5% of
the Rayleigh-Ritz solution.

The dynamic loading conditions®!! considered are listed in
Table 3. The clamped laminates are subjected to low-velocity
impact by a hard (steel) object (see Fig. 2). The forcmg
function is obtained through instrumented impact tests.® The
first major damage (generally a delamination) occurs at ¢ = c.
The elliptical contact area at 7= ¢, defined by u and v, is
dependent on the impactor tip diameter D. The u and v
values in Table 3 are obtained from contact damage measure-
ments.®!! The depth of indentation is dependent on D, u, v,
and the plate displacement w, as shown in Fig. 3.

The computed dynamic response of the clamped plates is
based on an assumed semiellipsoidal load distribution, the
eigenvalue solutions from Ref. 20, and the developed solution

Table 1 Geometry and properties
of analyzed graphite / epoxy laminates

Property Laminate A? Laminate B?

h,  in. 0.25 0.5

Dy, Ib-in. 1.453 x 104 1.1627 X 10°

Dy,, lb-in. 3.74 X 10° 2.9929 x 10*

Dyg, lb-in. 1.86 X 102 1.4876 x 103
by, Ib-in, 6.415 x 10° 5.1323 x 10*

Dy, lb-in. 1.86 X 102 1.4876 x 10°

De, Ib-in. 4032 x 10° 3.2359 x 104

Ass, Tb-in. 1.9968 X 10° 3.9936 X 10°

Ay, Ib-in. 1.9968 x 10° 3.9936 x 10°

0.8225 0.8225

v,  Ib-in. 0.68914 0.68914

hyy  in. 0.0052 0.0104

a, in 250 25.0

b, in. 9.0 9.0

2Laminates A and B are 48 ply laminates with the following layup
[(£45/0,),/+45/0/90]5,. hpy is the individual ply thickness of the
AS1/3501-6 graphite/epoxy prepreg. It is 0.0052 and 0.014 in. for
laminates A and B, respectively.

Table 2 Central deflection (in.) predictions of clamped laminates
due to a unit static load applied at the center (a /2, b/2, —h /2) ‘

Developed Lagrangian multiplier solution Rayleigh-Ritz solution

With shear Without shear Without shear
Laminate? deformation® deformation®® deformation
A 7.52%x1073 7.08 X103 6.76 X 1073
B 1.10x 1073 8.85% 107 844 x107°

325 X 9 in. laminates (see Table 1).

t’p=q=15; m,n=1,2,...

,30. °The actual Ay,

and A5 values in Table 1 were multiplied by 1000.
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using the accelerated mode method. Figures 4 and 5 present
sample plate d1splacement predictions for an off-center impact
situation (test case 2 in Table 3). These, in conjunction with
the information in Table 3, are used to compute the impactor
tip displacement as shown in Fig,. 3. Table 4 indicates that the
analysis predicts plate displacements that are approximately
25% smaller than those predicted by the analysis in Ref. 11.
This is because the Fourier transform technique in Ref. 11
does not explicitly impose the clamped boundary conditions
at the finite-boundary locations. Table 4 also indicates that
the predicted impactor tip displacements for the various test
cases, at t=c, are in good agreement with the measured
values.’

Sample predictions of the transient strain variations in the
impacted laminates are presented in Figs. 6 and 7. Table 5
lists the maximum strains at ¢ = ¢, predicted using the devel-
oped analysis and the analysis in Ref. 11 and measured
experimentally in Ref. 9. It is seen that this analysis demon-
strates a better correlation with the test results® than the
analysis in Ref. 11.

Sample predictions of the longitudinal and transverse aver-
aged interlaminar shear strains (Q,/h and Q /h, respec-
tively) are presented in Figs. 8 and 9. The curves corre-
sponding to ¢ = ¢ are used in conjunction with assumed, albeit
arbitrary, failure values for Q,/h and Q /h to predict the
extent of internal damage.!! Using a failure value of 2 ksi for
Q./h and Q,/h, the developed analysis predicted the de-
lamination size at t=c. Table 6 compares the predicted
delamination sizes with those measured using  ultrasonic
equlpment9 In reality, the damage state in the impacted
laminate is complex (delaminations, intraply failures, contact
damage, etc.). The delamination predictive procedure in Refs.
8 and 11 is rather simple-minded and is constrained by the
limitations of the employed higher-order plate theory. Never-
theless, the assumed failure values for Q, /h and Q,/h pre-
dict delamination sizes that correlate well with the ultrasonic
C-scan measurements in Ref. 9.
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Fig. 4 Predicted W(x,7n,0,7) for test case 2.
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Fig. 6 Predicted €. (x,n, —h/2,1) for test case 2.
Table 3 Contact time, force, and area information
for considered dynamic problem*
Test Impactor Pratt=c, u=uv
case Laminate D, in. in. [ £in. m,in.  in.
1 A 0.125 1.150 0.00125 3.833 45 0.005
2 A 0.5 2.772 00022 8166 45 0.125
3 A 2.0 3.264 0.0024 125 45 035
4 B 0.5 6.563 0.00125 8166 4.5 0125
5 B 2.0 8.642 0.0145 125 45 035

2See Fig. 2 for a definition of the listed variables.

Table 4 Plate and impactor displacements at ¢ = ¢

W&, m, —h/2,c¢) in. Impactor tip displacement, in. at t =¢
Test case  Developed

Developed Experimental measurement

(Table 3) analysis* Ref. 11 analysis® (Ref. 9)
1 0.044 0.0818 0.106 0.1
2 0.1832  0.225 0.2152 0.22
3 0.226 0.277 0.284 0.25
4 0.06755 0.0818  0.10045 0.122
5 0.0938  0.12013 0.1527 0.136

p=g=15m,n=1,2,...,30.

Table 5 Maximum strains in the impacted laminates at ¢ = ¢

€. (&1, —h/2,¢), pin./in.

€, (&, m, —h/2, ¢), pin./in.

Test case Developed Analysis Experimental measurement Developed Analysis Experimental measurement

(Table 3) analysis® in Ref. 11 (Ref. 9) analysis*  in Ref. 11 (Ref. 9)
1 2622 2850 2318 4659 4650 4789
2 6348 7252 6182 12930 11851 12000
3 6737 6725 5455 12560 10331 16000
4 3572 4052 4364 8190 7329 8364
S 4285 4500 — 9040 7500 —

dp=g=15;m,n=1,2,...30.
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Fig. 9 Predicted Q (£, y,7)/h for test case 2.'
Table 6 Delamination size at = ¢
Delamination diameter, in.
Test case Developed
(Table 3) analysis® Experimental measurement (Ref. 9)
1 0.37 0.37
2 2.00 1.63
3 3.00 3.67

#Failure values of Q,/h and Q,/h were assumed to be 2 ksi. p=g=
15, m,n=1,2,...,30.
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Conclusions

An analysis was developed to predict the dynamic response
of clamped orthotropic plates. The analysis incorporated a
static solution and a free vibration (eigenvalue) solution ob-
tained using the Lagrangian multiplier method into a dynamic
solution based on the mode acceleration technique. The devel-
oped solutions accounted for shear deformation effects through
a higher-order plate theory. The static solution was validated
by comparing predictions with those based on a Rayleigh-Ritz
approach. The eigenvalue analysis had been validated earlier
by establishing a good correlation between its predictions,
available test results, and Rayleigh-Ritz solutions. The devel-
oped dynamic solution was validated by applying it to a
low-velocity impact situation. Analytical predictions of the
displacements and strains in the impacted laminates corre-
lated well with the experimental measurements. The analysis
was also successfully used, albeit in conjunction with an
invalidated failure criterion, to predict the extent of internal
damage (delamination) in the impacted laminates.
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